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Limits of performance are explored when designing a flight control law for a flexible aircraft, especially the
optimization of the wind comfort criterion under an actuator activity and roll-off constraint. When using a linear
controller the order of which is free, the issue is either to check the feasibility of design specifications, or to compute
the maximal achievable performance, or to study the tradeoff between the design specifications. To this aim the
Convex Control Design Toolbox is developed, whose aim is the synthesis of multiple-input/multiple-output feedback
and feedforward controllers with H., and H; specifications on a single plant model. Convex multimodel design is
possible in the feedforward case, but parametric robustness specifications render the problem nonconvex in the

feedback one.

1. Introduction

A. Context

ECAUSE of the development of modern-day air transport re-

quirements and the advances made in structural design, aircraft
are becoming longer and more flexible. Thus, structural deforma-
tion and internal stress must be carefully monitored in order to both
improve the passengers comfort and manage the loads levels. At the
same time, it is still necessary to control the behavior of the flight
mechanics: because of the closeness between the flight mechan-
ics control bandwidth and the first structural modes, interactions
between aerodynamics, flight control systems, and structural dy-
namics become more relevant.

Because of the complexity of the set of design specifications,
these can no longer be met by single-objective optimized control
laws. Multi-objective control laws must therefore be developed (see
Ref. 1 for an overview and Ref. 2 for enhancements; see also Refs.
3 and 4 for applications to flexible aircraft and Refs. 5 and 6 for the
multi-objective design of controllers with fixed order or structure,
with aircraft applications). Among numerous approaches proposed
in the literature, the convex closed-loop technique by Boyd and
Barrat” appears especially attractive because H.,, H,, and time-
domain specifications are fully accounted for.

Moreover, this approach provides a solution to two related prob-
lems, the industrial interest of which is crucial. The first is to trans-
late in a direct way a set of specifications into the design procedure,
whereas the second is to check the feasibility of design specifica-
tions: does there exist a linear-time-invariant (LTI) controller, the
order of which is free, that satisfies a set of specifications on an LTI
closed loop? More generally, the issue is to compute the absolute
limit of performance. This technique has two main applications in
the aircraft design process. First, at the very beginning, when the
structure is being defined, the computation of preliminary achiev-

Received 1 July 2005; revision received 12 August 2005; accepted for
publication 16 August 2005. Copyright © 2005 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved. Copies of this pa-
per may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0731-5090/06 $10.00 in
correspondence with the CCC.

*Research Engineer, System Control and Flight Dynamics Department,
DCSD, BP 4025; ferreres @onera.fr.

fPh.D. Student, 316 route de Bayonne, ONERA-DCSD, BP 4025, F-3105
Toulouse Cedex, France, and SUPAERO, 10 Avenue Edouard Belin, 31055
Toulouse, France; currently Engineer, AIRBUS France.

870

able control law performance rates is required in the optimization
loop, especially to determine the critical load level and minimize
the aircraft weight. Second, absolute limits of performance are also
useful during the final control law tuning, to judge the quality of
the implemented controller. For example, if a low-order controller
can be synthesize which satisfies, for example, 90% of the maximal
achievable performance, it can be considered quite satisfactory.

B. Feedback and Feedforward Design

Consider the general architecture of a flight control law in Fig. 1.
The issue is to design both feedback and feedforward controllers K
and H . Evenif a two-degrees-of-freedom controller could be synthe-
sized, the usual solution is first to synthesize the feedback controller,
and then the feedforward one, noting moreover that their roles are
quite distinct: K is the only part that affects stability and disturbance
rejection, while H shapes the response to the pilot orders. More-
over, a static feedforward controller is usually used, which satisfies
specifications on the closed-loop dc gain.

Nevertheless, many design specifications correspond to the re-
sponse to pilot orders (template on the time-domain response to a
fixed reference input signal, decoupling objective between pilot and
structure), rather than to unmeasured disturbances (wind comfort
criterion). If a static feedforward controller is used, the design of
the feedback controller is made complex by the need to satisfy all
design specifications, including those corresponding to the pilot or-
ders. A better solution is to use dynamic feedforward controllers,
especially when the set of specifications is complex and difficult
to satisfy, noting that feedforward controllers can be synthesized
using the same convex closed-loop design technique as for the feed-
back case. Concerning the feasibility of design specifications, in
the absence of model uncertainty the achievable performance with
the feedforward controller does not depend on the stabilizing feed-
back controller.® This is, however, no more true in the presence of
uncertainty.

C. Convex Closed-Loop Design

In the feedback case, the first step is to use Youla parameter-
ization>!? to put the closed-loop transfer matrix under an affine
form Ti(s) + T>(s)Q(s)T5(s), where the T;(s) correspond to the
interconnection of the open-loop plant with an initial fixed controller
K (s) while the design parameter is the stable transfer matrix Q (s).
Let O(s) = Zi 6; Q;(s), where the filters Q, (s) are fixed while the
0; are the design parameters. As a key property, the closed-loop
transfer matrix 7 (s) + 1> (s) Q (s)T3(s) is affine with respect to the
6;, so that most nominal performance specifications and unstructured
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Fig. 1 Feedback and feed-
forward controllers.
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robustness ones can be translated as convex constraints on the design
parameters 6;, or as the minimization of a convex objective. The
optimal value of the 6;, and thus of Q(s), is computed with convex
optimization; the optimal value of K (s) is then deduced from Q(s)
and K (s).

The principles of convex control design are exposed in the pio-
nneering work of Boyd and Barrat.” Nevertheless many practical
problems remained unsolved. Because of the industrial interest for
the issue of checking the feasibility of design specifications, and
thanks to a regain of interest for convex control design since the
end of the 1990s, the subject is now more mature: see Ref. 11 for
the development of some computational tools, Ref. 12 for an alter-
native method to check the feasibility of design specifications, and
Ref. 13 for an aerospace application. Time-domain specifications
are accounted for in Ref. 14, whereas convex control design is in-
tegrated in an overall design scheme in Ref. 15. In this context the
Convex Control Design Toolbox* was developed, which proposes
a complete procedure for the design of feedback and feedforward
controllers. Here is the procedure for the feedback case:

1) Design an initial controller, which is then put under the form of
an observed-state feedback controller,'®!%!7 or direct design of an
observed-state feedback controller. Note that any controller, whose
order is at least equal to the order of the open-loop plant, can be
put under the form of an observed-state feedback controller plus a
nonzero value of the Youla parameter Q (s) (if the controller order
is strictly greater than the plant order).

2) Define a set of specifications: extended H,, or H, specifications
can be defined on finite frequency intervals, and analytic expressions
of the templates are not necessary.

3) Choose an orthonormal basis of filters'®: different poles can be
introduced in the basis, corresponding to our physical knowledge
of the plant, and the orthonormal nature of the basis largely reduces
the potential numerical problems that can be encountered with the
convex optimisation solver.

4) A specific effort was made on the computional burden when
solving the convex optimization problem. A frequency-domain so-
lution was developped in the spirit of Ref. 19. This is not an easy op-
timization problem because it has an infinite number of frequency-
domain constraints and a large number of optimization parameters.
[Because a large basis of Q(s) is needed to check the feasibility of
design specifications, it should even be theoretically infinite because
the controller order is free.] The idea is to solve the optimization
problem on a frequency gridding, and design specifications are then
checked between the points of the gridding. If necessary, the grid-
ding is refined, and a new convex optimization problem is solved.
Moreover convex constraints at each point of the gridding are ap-
proximated as linear ones, using a cutting planes method.

5) Perform a balanced reduction of the optimal value of the Youla
parameter Q (s) under a performance constraint, noting that the order
of the controller, which is typically equal to the sum of the orders
of the open-loop plant and of Q(s), can be (very) large. Reducing a
controller under a performance constraint is a difficult problem, but
a simple solution is proposed here in the specific context of convex
closed-loop design. Nevertheless the order of the reduced controller
is necessarily at least equal to the order of the open-loop plant model
because just the Youla parameter Q (s) is reduced.

6) Introduce structured robustness objectives with DQ itera-
tions, in the spirit of DK iterations.?’ The issue is to ensure robust
stability/performance of the closed loop in the presence of paramet-

“Data available online at http://www.cert.fr/dcsd/idco/perso/Ferreres/
index.html [cited 2004].

ric uncertainties and neglected dynamics using the u framework (see
Refs. 20 and 21 and included references). The resulting optimiza-
tion problem is biconvex with respect to Q (s) and to the frequency-
dependent scaling matrix D, corresponding to a u upper bound.

Note finally that checking the feasibility of a set of design speci-
fications with a constraint on the order or structure of the controller
is still an open issue because a nonconvex optimization problem is
obtained: if the design fails, it cannot be decided whether constraints
are locally or globally infeasible.

The paper is organized as follows. Section II briefly presents the
convex closed-loop design tools. Section III is devoted to the flex-
ible aircraft application, whose numerical data are extracted from
Ref. 21, noting that this sophisticated applicative example is used
as the demo of the Toolbox. Concluding remarks end the paper.

II. Convex Closed-Loop Design Tools

A. Youla Parameterization
1. Principle
Consider the standard design problem of Fig. 2a, where

p— |:P n P 121|
Py Py

is an augmented plant. The closed-loop transfer matrix
Fi/(P,K) =Py, + P,K(I — P,,K)~' P, is ahighly nonlinear func-
tion of controller K, especially because of the need to invert
I — P K. Suppose an initial stabilizing controller K, whose order
is at least equal to the order of Py, is available. Additional inputs
and outputs v and e are introduced in K (see Fig. 2b), with the
key constraint that the transfer matrix between v and e is zero (see
Fig. 2¢). A solution to achieve this property is to put K, under the
form of an observed state feedback controller'® (see also the fol-
lowing). When connecting then a free stable transfer matrix Q to
these additional inputs and outputs, F;(P, K) can be rewritten as
T, + T, QTs, where fixed transfer matrices 7; depend on P and K,
while Q is the design parameter.

The parameterization T} + T, Q T5 covers the whole set of achiev-
able closed loops: given any stabilizing feedback controller K, there
exists a corresponding value of the stable Youla parameter Q that
gives the same closed loop [i.e., F;(P, K) =T, + T,QT5] and con-
versely. As a consequence, let Q = Zi 0; Q;, where filters Q; are
fixed while the 6; are the design parameters. If the infinite dimen-
sional basis of filters Q; covers the whole set of asymptotically
stable transfer matrices, the whole set of stabilizing feedback con-
trollers K is described. It thus becomes possible to check whether
there exists a controller, whose order is free, that satisfies a set of
design specifications.

2. Case of an Observed State Feedback Controller

Figure 3 presents the architecture of the controller, when using
an observed state feedback controller (or a controller that was put
under such form) as the initial one for Youla parameterization. Here
e is now the prediction error, while v is an additive disturbance
on the control input u. Assume that x =X at r =0, and the open-
loop plant model, which is embedded inside the observer, exactly
coincides with the “true” open-loop plant. Despite a nonzero input v
the prediction error e remains identically zero because the observer

w z w z w z
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u Y u P y v T3 0 e
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K j : Ko ) Q
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Fig. 2 Closed loop structure: a) design problem and b,c) Youla param-
eterization.
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Fig. 3 Youla parameterization with an observed state feedback
controller.

accounts for the measured disturbance v. Thus the transfer function
between v and e is zero, as required. In the same way, the transfer
function between u, = H(s)y, and e is zero, which means that a
nonzero reference input y, just excites the closed-loop state feedback
dynamics, not the observer one nor the dynamics of Q(s), at least
in the absence of model uncertainties.

3. Choice of the Basis of Filters
The orthonormal basis of Ref. 19 is used:

V2Re(a) ﬁ s —a

s + a; ls—i—ak

Qi(s) =

The poles —a;, which are chosen on the basis of our physical knowl-
edge of the plant, are fixed. The special case of Laguerre filters is
recovered by choosing the same pole for all —a;, thatis, a; = a Vi,
but the basis of Ref. 18 is more interesting because different dy-
namics can be introduced in the same basis, so that if the choice of
the poles —a; is adequate less filters are needed to cover the same
part of the whole set of asymptotically stable transfer matrices. The
computational burden is thus reduced.

B. Convexity of Design Specifications

Generally speaking, a norm constraint on the closed-loop trans-
fer matrix T; 4+ 7, QT3 is convex with respect to Q = Zi 0;0;.
As a consequence, when constraining or minimizing the norm
of various parts of the closed-loop transfer matrix 7T; + T, QT5,
a convex optimization problem with convex constraints is ob-
tained. Optimal values of the design parameters 6; are com-
puted; Q(s) is then deduced as well as K (s) (see Fig. 2b). Let
T(s,0)=T(s)+ Tz(S)[Z,- 0;0;(s)]T5(s). Consider as an exam-
ple a convex H,, minimization objective, that is, the minimization
of y under the constraint:

[T (jw,0)] < ya(w)Vo € [0, ] ey

or the convex H,, constraint [T (jw, 6)] < a(w), where a(w) is
a fixed frequency-domain template. In the same spirit consider a
convex constraint on the extended H, norm of the transfer matrix
T (s, 0) on a finite frequency interval [ws, w4]:

\/%/ Trace[T*(jo, )T (jo,0)]do < C 2)

where C is a constant, or the convex minimization of this extended
H, norm, noting that the square of the H, norm in Eq. (2) can be ap-
proximated as a quadratic criterion fy + f76 +67 Q0 using a fine
enough frequency gridding. Summarizing the following specifica-
tions can be accounted for in the Convex Control Design Toolbox:
H,, minimization or constraint, H, minimization or constraint, u
minimization or constraint (see Sec. IL.E). Time-domain specifica-
tions could also be introduced because they correspond to additional
linear-programming (LP) constraints.'*

Consider again Fig. 1, and assume that K (s) is fixed. The feed-
forward controller H (s) = Zi 0, H; (s) is to be synthesized, which
simultaneously satisfies design specifications on several closed-loop
models. Let G(s) =G, (s), so that the closed-loop transfer matrix
without feedforward becomes T ;(s). The idea is simply to stack
into a single convex optimization problem all H.,/H, constraints
and minimization objectives for all closed-loop models 7. ; (s) H (s).
Moreover the design specifications will be satisfied on the polytope
of closed-loop systems, that is, if T,y 1 (s) H (s) and T »(s) H (s) sat-
isfy the design specifications, [AT 1 (s) + (1 — A) Ty 2(s)]1H (s) sat-
isfies the design specifications VA € [0, 1].

As a final point, unlike the feedforward case the convex multi-
model design of a feedback controller appears impossible for two
reasons. First, the open-loop plant model, which is embedded in-
side the observer, must exactly coincide with the “true” one to obtain
the affine form T} + 7, QT3. Second, a convex multimodel design
of Q is possible, but when deducing K from Q and from the ini-
tial observed state feedback controller (see Fig. 3) K will depend
on the embedded open-loop plant model, that is, a single feedback
controller K cannot be obtained for all plant models.

C. Principle of the Cutting Planes Method

We just explained the principle of this classical method (see Ref. 7
for details). The idea is to approximate the nondifferentiable convex
constraint (1) at & =#° by an affine one:

(T (jw, 0]+ 570 —6°) < ya(o) (©)
where S is called a subgradient. Indeed, for all 6
(T (jw, 0]+ ST (O —0°) < 5[T (jo,0)]

When approximating Eq. (1) at differents points 8 =6’ and at dif-
ferent frequencies w = w;, all of these affine constraints (3) can be
stacked into an LP constraint

)

Generally speaking, when considering the minimization of a convex
objective under convex constraints a lower bound of the minimal
value y* of the objective is computed as the minimal value of y
under the preceding LP constraints. The idea is then to refine this
affine approximation of the convex optimization problem until y* is
computed with a satisfactory accuracy, as illustrated by the following
sketch of algorithm: ~

1) Compute the value 6 of 6 that minimizes y under the LP
constraints. Let y}, the associated minimal value of y.

2) Compute an upper bound y,;, of y*, noting that any value of
0 satisfying the constraints provides an upper bound. If the gap
between the bounds is close enough stop. Otherwise approximate
convex constraints and minimization objectives at @ =6 and at crit-
ical frequencies, where constraints are the most violated. Return to
step 1.

The use of a cutting planes method renders possible a progressive
convex control design in the case of a large number of optimization
parameters 6;. If there are, for example, 80 optimization parameters,
only the first eight optimization parameters are first used, and the
associated value of the minimized objective is computed. Then the
first 16 optimization parameters are used, and the value of the min-
imized objective is here again computed until all 80 optimization
parameters are used. The decrease of the minimized objective is vi-
sualized as a function of the number of optimization parameters (see
the example of Fig. 4). If the value of the minimized objective tends
towards an asymptotic value, this means that adding more filters is
useless, that is, the value of the minimized objective, corresponding
to an infinite dimensional basis of filters, is obtained.

During this progressive design, subgradients are kept from an
optimisation to an other in order to save a large amount of computa-
tional time. In the same way, it is possible to study the tradeoffs be-
tween the design specifications. The issue is to minimize an objective
under several constraints, where one of these constraints takes sev-
eral values. Depending on the hardness of this constraint, it is more
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Fig. 4 Minimized value of the wind comfort criterion o as a function
of the number of used filters Q;(s).
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Fig. 5 Minimized value of the wind comfort criterion o as a function
of the cutoff frequency wy (in rad/s).

or less possible to minimize the objective: see the example of Fig. 5,
where the x axis represents a cutoff frequency while the y axis repre-
sents the minimized objective. The lower the cutoff frequency is, the
harder the constraint is, and thus the higher the minimized objective
is. Here again it is possible to save a large amount of computational
time by keeping subgradients from an optimization to an other.

D. Reduction of the Youla Parameter

A large basis of filters is necessary to check the feasibility of
design specifications, so that the order of Q(s) is (very) high. We
would like to reduce it under a performance preservation constraint.
Let O, (s) be the reduced Youla parameter. The issue is to minimize
the reduction error between the closed-loop transfer matrices:

Ti(s) + To(s) Q()T3(s) — T (s) — To(5) O, (5)T5(s)

=T ()[Q(s) — Oy ()]T5(s)

The classical balanced reduction method is used to reduce Q(s)
with weighting functions 75 (s) and T5(s). Note that the poles of the
reduced Youla parameter Q, (s) do not belong to the initial set of
poles of Q(s) and that the stability of Q, (s) is not guaranteed. In
the case of a feedforward controller H (s) (see Fig. 1), the issue is
to minimize the reduction error T, (s)[H (s) — H,(s)], so that the
balanced reduction method can be used with weighting function
Tcl (S )

E. DQ Iterations

Let M(s)— A be a standard interconnection structure (see
Refs. 20 and 21 and included references), where A is a struc-
tured model perturbation and M is the closed-loop transfer matrix
T, +T, Zi 0; Q;T5. With reference to the complex p upper bound,
let the scaling matrix D satisfying for all ADA = AD. The issue is
to find design parameters 6; and frequency-dependent scaling ma-
trices D (w) minimizing y under the constraints:

5{D(wk)|:T1 (jor) + Z9iT2(jwk)Qi(jwk)Ts(jwk):|D1(wk)}

=v
where y is a  upper bound, and a guaranteed value of the robustness
margin is obtained as 1/y. For a given design frequency gridding
(wi)ker1,n], One optimizes with respect to the 6; (using the same
cutting planes method as above), then with respect to scalings D (w),
then with respect to the 6; .... Nominal H, and H,, performance
constraints can be added in this nonconvex minimization problem.

Once the optimization is performed, H,, specifications are chec-
ked between the points of the design frequency gridding, namely,
on an a priori fixed fine validation gridding. If they are not satisfied,
a worst-case frequency, corresponding to the maximal violation of
the constraints, is added to the design gridding. In the same way
the robustness objective is checked but without frequency gridding,
that is, with a frequency sweeping technique that is computationally
(very) efficient.??

Remarks:

1) When designing the controller, all uncertainties are assumed
to be complex. But when a posteriori computing the robustness
margin, the real nature of parametric uncertainties can be accounted
for using the mixed p upper bound with additional scaling matrix
G.

2) Unlike in many p-synthesis schemes, no analytic expression is
needed for D (w); their value is just needed on the design frequency
gridding.

III. Application

A. Model and Design Specifications
1. Model Description

The issue is to design a lateral flight control system, whose struc-
ture is given on Figs. 1 and 3 for a flexible transport aicraft. The
model, whose order is 21 with two inputs (aileron and rudder de-
flections) and four outputs ny, p, r, ¢, contains four rigid states (the
sideslip angle f, the rotational rates p and r, and the bank angle
¢), 12 flexible states corresponding to six bending modes, and five
actuators states.?! This state-space model is built by coupling rigid
and elastic body models (see Fig. 6). The evaluation methods are
described in Ref. 23 and summarized in Ref. 24. The two models
are coupled by connecting measurement outputs at the same struc-
tural point of the aircraft. Other methods for translating interactions
between rigid and flexible bodies are known, but they are more com-
plex, and the one given here provides a good enough representation.

The design specifications set we use next is a simplified ver-
sion of the one in Ref. 15, which contains five main types of cri-
teria: robustness, handling qualities, comfort, loads, and actuators.
Our simplified version does not tackle the load control problem,
and the comfort level enhancement is achieved by minimizing the
H., norm on an acceleration output, whereas the original criterion
is a mixed H,/H., one on a more sophisticated transfer function,
containing a wind spectrum and weighting functions that character-
ize the passengers’ feeling.
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Fig. 7 Feedback and feedforward design scheme.

2. Design Specifications: The Feedback Part

Figure 7 presents the feedback and feedforward design scheme.
Let M, (s) [respectively, M,(s)] be the closed-loop single-
input/single-output (SISO) transfer function between the pertur-
bation w, (respectively, w,) on the first (respectively second) air-
craft input and the acceleration ny, and M;(s) be the closed-loop
multiple-input/multiple-output transfer matrix between perturbation
w and z. Let also M1 o (s) [respectively, M, oy (s)] be the open-loop
SISO transfer function between the first (respectively second) air-
craft input and ny. The feedback design problem is as follows:

1) Spec # 1. Wind comfort on the nominal closed loop: Let
M, oL (respectively M5 o) be the peak value of |M; o, (jw)| (re-
spectively |M, oL (jw)|) between 5 and 25 rad/s. Inside this fre-
quency interval the issue is to minimize @ under the constraint:

IMi(jo)| < aMioL, [M>(jow)| < aMs oL

where o = 1 corresponds to the open loop, that is, to K (s) =0.
2) Spec # 2. Actuator activity and roll-off constraint on the
nominal closed loop: Let the template be

F(s) =G [{[1+ L4Gs/wo) + 5* [ ] (1 + s/w0) }
At all frequencies the constraint is
[M3(jw)] < |F(jo)l

The issue is to constrain the actuators’ activity at low and middle fre-
quencies while ensuring a satisfactory roll-off, especially because of
high-frequency unmodeled bending modes (represented as additive
neglected dynamics on the plant model, so that a stability margin
could be deduced). Here w, and G are tuning parameters; a typical
value is wg = 10 rad/s and G = 10 dB.

3) Spec # 3.  Parametric robustness: Closed-loop stability must
be ensured despite 4% of simultaneous uncertainties in the fre-
quencies of the six bending modes.

Remark: The additive disturbance input w is a simple way to
represent a wind input. The wind comfort criterion can then be
easily tested in flight, by adding a disturbance input on the control
input, and the open and closed loops are easily compared because
o < 1 means that the closed-loop criterion is reduced with respect
to the open-loop one. Nevertheless a “true” wind input could also
be used, if available with the model, to define a more sophisticated
comfort criterion.'?

Spec. 1

107 10 10° 10' 10° 10°
rad/s

Fig. 8 Designspecification # 1 on the optimized feedforward controller
(32 filters).

rad/s

Fig. 9 Design specification # 2 on the optimized feedforward controller
(32 filters).

3. Design Specifications: The Feedforward Part

The issue is to shape the response to a reference sideslip angle
B,. The design specifications are as follows:

1) Spec#1. Rigid performance on the nominal closed loop: The
error between the reference model R (s) = 1/(s?> + 1.4s + 1) and the
nominal closed-loop transfer function between 8, and f must remain
below a template (see Fig. 8). (The dashed plot corresponds to the
template, which is defined by four frequency points: 0, 0.1, 2, and
1000 rad/s. A linear interpolation is used between these points, but
the interpolation does not seem linear because of the logarithmic
plot.)

2) Spec #2. Decoupling on the nominal closed loop: The nom-
inal closed-loop transfer function between g, and ¢ must remain
below a template (see Fig. 9).

3) Spec # 3. Aircraft-pilot decoupling despite parametric un-
certainties: On the output ny the peaks that are caused by flexible
modes are to be minimized on all 65 models, that is, the nominal



FERRERES AND PUYOU 875

one and the 2° = 64 aircraft models, which are generated when con-
sidering extremal uncertainties of +4% in the frequencies of the
six-bending modes.

B. Design of an Initial H,, Controller

Classical H, control shapes closed-loop transfer matrices,
whereas loop-shaping H,, control shapes the open loop. Let G (s)
be the plant model. Pre- and postcompensators W, (s) and W, (s) are
determined, so that the ideal open loop is G (s) = W,(s)G (s) W, (s).
The issue is to preserve this open-loop shape as much as possible. To
this aim, loop-shaping H,, control synthesizes a controller K (s),
which stabilizes G, while maximizing the robustness to neglected
dynamics on the coprime factors of G,. A direct solution to this
specific H,, problem, without y iterations, is available, as well as a
natural observed-state feedback form for K, (s) (Refs. 16 and 17).
The final controller is Wi (s)K o (s)W> (s).

A static output feedback K is classically synthesized for the
rigid plus actuators aircraft model, which places the main closed-
loop poles. The time-domain performance is satisfactory [see the
dashed lines of Fig. 10 (which corresponds to step responses on
the reference inputs S, and ¢, with a static feedforward controller].
But the interconnection of K, with the complete rigid plus flex-
ible plus actuators model is unstable. Let the augmented plant

beta (deg)
1.4 T 1.2

G (s) = K,G (s). Loop-shaping H,, control synthesizes Ko (s),
and the final controller is K (s) = K (5) Ker. On Fig. 10 the time-
domain performance of the complete rigid plus flexible plus actua-
tors model (solid line) looks like the one in dashed line. Moreover
the wind comfort criterion is satisfactory [see Figs. 11 and 12, where
the dashed (respectively solid) plot corresponds to the open (respec-
tively closed) loop transfer function M; o (s) (respectively M;(s)],
and the roll-off specification is also satisfied. The performance of
this initial controller, whose design is very simple, is thus quite
satisfactory.

Remarks:

1) Because K, is static and the order of K, (s) is equal to the
one of G (s), the order of K (s) is 21, like the open-loop plant model.

2) With respect to Fig. 3 and Sec. II.A.2, the feedback con-
trollers, which will be obtained in the next sections by adding
nonzero values of Q(s), will have the same time-domain re-
sponse to the reference input f,, at least for the nominal closed
loop.

C. Convex Design of a Feedback Controller
and Computation of Design Tradeoffs

The basis of Ref. 18 is used with the following poles, whose
damping ratio is 0.7:

phi (deg) ny (g)
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Fig. 10 Step responses to a reference input 3, or ¢, on the rigid and complete aircraft models.
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Fig. 11 Wind comfort criterion for the first input, that is, |M;(jw)| as
a function of w.
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Because Q(s) has two outputs and four inputs, this corresponds to
64 filters. The frequencies of these poles are chosen inside [5 rad/s,
25 rad/s], where the wind comfort criterion is defined. (This corre-
sponds to the range of frequencies of open-loop bending modes.)
The set of design specifications is the one of Sec. III.A.2, that is,
the minimization of 2 H, objectives under an H,, constraint. (The
parametric robustness specification will be accounted for in the next
section.) A progressive design is performed with 8, 16, ..., 64 fil-
ters (see Sec. I1.C). An asymptotic value for the minimized comfort
criterion o A~ (0.2 is obtained on Fig. 4, which suggests that the value
o of the minimized objective, corresponding to an infinite dimen-
sional basis of filters, is obtained. The computational time is 689 s
(11 min) on a SUN Sparc station, which is quite reasonable when
considering the complexity of this high dimensional problem. See
also the dash-dot plot on Figs. 11 and 12, which represents the
closed-loop response with the optimal controller.

Remarks:

1) Our computational experience is that the computational cost of
a progressive design remains close to the one of a one-shot design,
and more information is produced.

2) The same design is performed with an other initial controller,
namely, a true observed state feedback controller whose design is
rough, so that its performance is less satisfactory. Eighty filters must
now be used, and the computational time is higher, but the asymp-
totic value of « remains the same, which is logical because this
asymptotic value does not depend on the initial controller. But the
better performing this one is, the simpler the design of Q(s) is to
obtain the asymptotic achievable performance.

3) It would also be possible to introduce H, constraints or mini-
mization objectives on M (s) and M;(s).

4) In the context of our example, the choice of the poles of the ba-
sis does not appear especially sensitive; several well-damped poles
were just chosen between 5 and 25 rad/s, and it was especially un-
ecessary to retune this choice to obtain better results because the
asymptotic value of the minimized objective, corresponding to an
infinite dimensional basis of filters, is already obtained. But in other
situations this choice can appear more critical; it might especially
appear necessary to choose less well-damped poles to improve the
results and/or obtain the asymptotic value. The minimal number of
filters that are necessary to compute the asymptotic value of the

C)

0.035 T T T

0.025

2d input —> ny

0.015

0.005

Fig. 12 Wind comfort criterion for the second input, that is, |M>(jw)|
as a function of w.

minimized objective obviously depends on the choice of the basis:
a bad choice means that more filters are needed.

The order of the optimal Q (s) is 12, which is already low. [Twelve
corresponds to the minimal realization of Q(s), computed with the
MATLAB® routine minreal.m. It seems difficult to guess the order
of the optimal Q (s), even if the number of filters is a priori known
because the order of the minimal realization can be (much) lower
than the initial one.] When Q (s) is directly reduced without weight-
ing function, eliminating a single state already increases the wind
comfort criterion, which becomes 0.238 on the first input and 0.312
on the second one (instead of 0.206 for the optimal controller). The
roll-off constraint is also violated. When eliminating two states, the
wind comfort criterion becomes 0.628 on the first input and 1.045
on the second one.

When weighting functions are used, the result is much bet-
ter. Remember that the issue is to minimize the reduction error
T>(s)[Q(s) — Q,(s)]T5(s). First all possible inputs and outputs of
Ti1(s) + T2(s)Q(s)T5(s) are used, that is, the two additive perturba-
tions w on the aircraft inputs, the acceleration output ny and the two
controller outputs z (see Fig. 7). When eliminating two states, the
wind comfort criterion becomes 0.202 on the first input and 0.279
on the second one. The roll-off constraint is slightly violated. When
only considering the two additive perturbations w on the aircraft
inputs and the acceleration output ny, the wind comfort criterion
is perfectly preserved, that is, 0.206 on the first input and 0.207
on the second one (instead of 0.206 for the optimal controller).
Here again the roll-off constraint is slightly violated. The weighting
functions 7> (s) and T5(s) are thus crucial to preserve closed-loop
performance.

It seems impossible to remove more states in Q (s) while preserv-
ing the wind comfort criterion, but 10 states in the Youla parameter
seem not too much to reduce the wind confort criterion from o ~ 0.7
with the initial H,, controller to @ ~ 0.2 with the optimal one (see
Figs. 11 and 12). Nevertheless it would be interesting to reduce then
the feedback controller K (s), whose order is still 31 =21 (the or-
der of the open loop plant) +10 (the order of the reduced Youla
parameter), under a closed-loop modal performance preservation
constraint, as proposed in Ref. 15.

We finally study the tradeoff between the cutoff frequency wy and
the minimized value « of the comfort criterion. The same basis (4)
of Q(s) is used, as well as the same initial H,, controller. Here w,
belongs to the set 7, 7.5, 8, . .., 10 rad/s. (The roll-off specification
seems infeasible below 7 rad/s.) The result is presented on Fig. 5.
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The computational time for the whole curve is 1649 s (27 min), while
the computational time for the single value wy = 10 rad/s was 689 s,
that is, 42% of 1649 s. This illustrates the fact that it is possible to
save a large amount of computational time by keeping subgradients
from an optimization to an other.

D. Nonconvex Design of a Robust Feedback Controller

The issue is to ensure robust stability in the face of parametric
uncertainties on the frequencies of the bending modes. The linear-
fractional-transformation model is extracted from Ref. 21. The issue
is to maximize the robustness margin under the roll-off constraint
of Sec. III.A.2 and under a constraint on the wind comfort criterion
a <0.75. This threshold is chosen so that the initial controller sat-
isfies the constraints, that is, the issue is to observe the increase of
the robustness margin between the initial and final controllers.

More precisely we would like to illustrate that a few filters are
enough to significantly increase the margin, so that we choose a basis
of 24 filters with poles —5, —10, and —15. The computational time
is only 184 s (3 min). The robustness margin of the initial controller
is £1.65% if parametric uncertainties are assumed to be complex
and £3.47% if their real nature is accounted for. Thus the closed
loop remains stable despite simultaneous variations of £3.47% on
all six frequencies of the bending modes.

The robustness margin of the optimized controller is +2.56% if
parametric uncertainties are assumed to be complex and +4.33%
if their real nature is accounted for. By optimizing with only a few
filters, the parametric robustness properties were significantly im-
proved while keeping the good nominal performance properties of
the initial controller.

E. Convex Design of a Robust Feedforward Controller

The feedback controller obtained at the end of the preceding sec-
tion is now fixed. The issue is to synthesize a robust feedforward
controller u, = H (s) 8, that satisfies the set of design requirements
of Sec. III.A.3. The following poles are chosen for the basis of 32
filters:
-1+ _ —-1£j _—-1xj_—-1£j —-1x+; —1=%j

V2 V2 V2 V2 V2 V2
eI

V2 V2

Let o* be the minimized value of the peaks that are caused by
flexible modes on all 65 models. Then «* is computed for the first
eight filters, then for the first 16 and 24 filters, and finally for all of the
32 ones. Figure 13 presents o* as a function of the number of filters.
Here o* =3.157e—04 for 32 filters, and the computational time is
only 1126 s (19 min) despite the large number of flexible models.
Figures 8, 9, and 14 present the performance of the final controller.
We have illustrated through this example that it is possible to use a
large set of flexible models and frequency responses while keeping
a reasonable computational requirement and without an explosion
of the required memory. (A large amount of frequency responses
is to be stored on the design frequency gridding, but this frequency
gridding is refined to minimize its size, and the number of design
models is also minimized.)

The order of the optimal feedforward controller is 16. We focus
on the performance of the nominal closed-loop model, that is, the
closed-loop model used as the weighting function for reduction is the
nominal one T 1 (s). T¢1.1 (s) has two inputs u, and three outputs that
are used by the design specifications: ny, ¢, and the error between
the reference model and the output g of the closed loop. Let T (s) be
the part of T, ;(s) corresponding to the transfer function between
u, and ny. The balanced reduction method is applied to T (s) H (s)
to focus on the preservation of the performance on ny.

13

The first row of Table 1 presents the value of the peak correspond-
ing to design specification 3 on the nominal closed-loop model,
when reducing H (s) to order 15, 14, ... and 8, noting that design
specifications 1 and 2 are still satisfied. (Values inside the table can
be less than the optimal one because the peak value of the criterion
is not necessarily obtained on the nominal closed-loop model.) The
reduced feedforward controller of order 11 is quite satisfactory. Note
nevertheless that the performance of the other closed-loop models
is much less satisfactory (up to 1.347¢—03 instead of the optimal
value 3.157¢—04 ).
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5 35

Fig. 13 Decrease of the minimized value of the peaks, which are caused
by flexible modes on all 65 models, as a function of the number of filters.
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Fig. 14 Design specification # 3 on the optimized feedforward con-
troller (32 filters).

Table 1 Value of the peak on the nominal closed loop

Reduction order 16 15 14

13 12 11 10 9 8

With T (s) weighting function 2.878¢—04 3.373¢—04 3.137¢—04 2.889¢—04 3.911e—04 3.098¢—04 3.682¢—04 4.614¢—04 7.156¢—04

Without weighting function

2.878e—04 5.085e—04 4.611e—04 6.969¢—04 6.263¢—04 1.699¢—03 1.430e—03 4.685¢—03 4.939¢—03
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The second row of Table 1 presents the same result when di-
rectly reducing H (s) without weighting function. At order 11,
the peak corresponding to design specification 3 becomes on the
nominal closed-loop model 1.699¢—03, which is very high. Here
again the weighting function is thus crucial to preserve closed-loop
performance.

IV. Conclusions

The primary aim of this paper was to illustrate the efficiency of the
Convex Control Design tools on a challenging high-order flexible
aircraft example, for checking the feasibility of a complex set of de-
sign specifications, with a feedback and feedforward part, and more
generally for exploring the limits of achievable performance. As for
a real-time implementation of the feedback controller, its order is
too high, and it would be necessary to schedule it as a function of
the flight conditions. To this aim the Convex Control Design tools
can be combined with a modal reduction method that produces a
possibly structured low-order controller preserving modal perfor-
mance: this controller can then be easily scheduled as a function of
the flight conditions.
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